Mathematica 11.3 Integration Test Results

Test results for the 49 problemsin "7.3.3 (d+e x)"m (a+b arctanh(c
xAn))*p.m"

Problem 5: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
Ja +bArcTanh[c x]

dx
d+ex

Optimal (type 4, 114 leaves, 4 steps):

2+ oareranmicx)) Log[ 2] (o barcrannic ) togl A |

€ e
bPolylog[2, 1- 2] bPolylog[2, 1- —2<idex ]
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2e 2e

Result (type 4, 257 leaves):

e

alog[d+ex] +bArcTanh[c x]

1 Log[1-c?x?] + Log|i Sinh[Ar‘cTanh[ﬂ] +ArcTanh[c X]H] -
2 e

1. 1, . 5 . cd 2
~ib|-~i (r-2iArcTanh[cx])?+1i (Ar‘cTanh[—] +ArcTanh[c x]) +
2 4 e

cd
(m-21iArcTanh[cx]) Log[1+e?Ar<Temhiex]] 4 24 (Ar‘cTanh [— ] +ArcTanh[cx]

e
Log [1 e (ArcTanh[%} +ArcTanh[c x]) ] B (7’( _ 21 ArcTanh [c X] ) LOg[ 2 ] -
Vi1-c2x?
. cd o cd
2i |ArcTanh|[—| + ArcTanh[c x] | Log[2 i Sinh[ArcTanh| —] + ArcTanh[cx] || -
e e

i Polylog |2, -e2A"cTamhicx]| _ j polylog[2, e (ArcTanh [ <*] cArcTanh (c x) | ] ) ]

Problem 12: Unable to integrate problem.

(a+bArcTanh[cx] )2
J dx

d+ex

Optimal (type 4, 188 leaves, 1step):
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(a+bArcTanh[cx])?Log[-2-] (a+bArcTanh[cx])?Log[ —2<id=exl—]

l+cx (cd+e) (l+cx)

e e
b (a+bAr‘cTanh[c x]) PolyLog[z, 1- 2 } b (a+bAr‘cTanh[c x]) PolyLog[Z, 1_ —2c(diex) ]

1+c X (cd+e) (l+cx)

€ e
b2 Polylog[3, 1- —2-] b?Polylog[3, 1~ —2cldexl ]|
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2e 2e

Result (type 8, 20leaves):

(a+bArcTanh[c x] )2
J dx

d+ex

Problem 13: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx] )2
J dx

<d+ex)2

Optimal (type 4, 321 leaves, 12 steps):

(a+bArcTanh[cx])? bc (a+bArcTanh(cx]) Log| =]

e (d+ex) e(cd+e)

l+cx l+cx

bc (a+bArcTanh[cx]) Log[ —2~] 2bc (a+bArcTanh[cx]) Log|[ 2]
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(cd-e)e c2d? - e2

2bc (a+bArcTanh[cx]) Log[M] b? c PolyLog[2, 1- —2—]

(cd+e) (l+cx) 1-cx

c2d? - e? ' 2e(cd+e)
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2 (cd-e)e c2d? - e2 c2d?-e?

Result (type 4, 317 leaves):



Mathematica 11.3 Integration Test Results for 7.3.3 (d+e x)~m (a+b arctanh(c x~n))~p.nb | 3

abc (_ 2 ArcTanh[c x] " (-cd+e) Log[l-cx]+(cd+e) Log[l+cx]-2elog[c (d+eX)]
cd+cex (cd-e) (cd+e)

|

+

+
Q |

e (d+ex) e

Ar‘cTanh[i} 2 2
e el ArcTanh[c x X ArcTanh[c x 1
bz B [ ] . [ ] . cd (I’LﬁLOg[1+e2APCTanh[CX]] _
d+ex c?2d?-e?
1- 2 d?
eZ

-2 (Ar‘cTanh{%] +ArcTanh[c x]) ]

1
2ArcTanh[c x] Log[1-e —in [Ar‘cTanh[c x] - —Log[1-c?x?]
2

2 ArcTanh [ ﬂ] -2 (Ar‘cTanh[%} +ArcTanh[c x]) ] _

e

ArcTanh[c x] + Log[l— e

e cd
Log[i Sinh[ArcTanh[—| + ArcTanh[cx] ]| ) +Polylog[2, e

-2 (ArcTanh{%] +ArcTanh [c x]) ] )
e

Problem 14: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

<d+ex)3

Optimal (type 4, 480 leaves, 18 steps):

bc (a+bArcTanh[cx]) (a+bArcTanh[cx])? bc? (a+bArcTanh[cx]) Log|[ ]
.

1-cx
- +
(c2d?-e?) (d+ex) 2e (d+ex)? 2e (cd+e)?
b2 c? Log[1 - ¢ x] bc? (a+bArcTanh[cx]) Log[lfcx}
2 (cd-e) (cd+e)27 Z(Cd—e)ze

2bcd (a+bArcTanh[cx]) Log[ —2—]

1+cx

b2 c? Log[1+c X] b2 c?elLog[d + e x]
+
(cd—e)z(cd+e)2 2(cd—e)2(cd+e) (cd—e)z(cd+e)2

2bc3d (a+bAr‘cTanh[cx]) Log[Aw)—} b2c2PolyLog[2, 1- 2 ]

(cd+e) (l+cx) 1-cx

+

(cd—e)z(chre)2 ' 4e(cd+e)2

b2 c2Polylog[2, 1- —2—] b?c*dPolylog|[2, 1- —2-] b2c>dPolylog[2, 1- —2cldex—]

1+cx 1+cx (cd+e) (1+cx)

4 (cd-e)’e (cd-e)? (cd+e)? (cd-e)? (cd+e)?

Result (type 4, 467 leaves):
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a? 1

2e (d+ex)2 2e

2e (-c2d*+e?+2c%d (d+ex) Log[c (d+ex)])

-Log[l+cx] +

c (cd+e)? (d+ex)

2ArcTanh[cx] Log[l-cXx]
+

abc? + +
(cd+cex)? (cd+e)? (-cd+e)?
1 b2 2 e (1-c?x?) ArcTanh[c x]? .
2 (cd-e) (cd+e) (cd+cex)2
2e |-eArcTanh[cx] +cd Log[ el ]
2 xArcTanh[cx] (-e+cdArcTanh[cx]) NP
+ +
cd (d+ex) c3d3-cde?
2 42 .
;2 1- ca e e-Aretann[ ] ArcTanh[cx]?+
c2d? - e? Q2
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ArcTanh[c x] + st Log [1 + @2ArcTanh[cX] }

. . cd
icd (—(ﬂ—ZnAr‘cTanh[f]
e

e—Z (ArcTanh{%} +ArcTanh[c x]) ] +

cd
[Ar‘cTanh [ 7] +ArcTanh[c x] | Log [1 -

e

1JTLog[l -c2x?] -2 iArcTanh[ﬂ} Log i Sinh[Ar‘cTanh[ﬂ} +ArcTanh[cx] || -
2 e e

i POlyLog [2 e—2 (Ar‘cTanh[ch} +ArcTanh[c x]) } ]
J

Problem 18: Unable to integrate problem.

(a+bArcTanh[cx] )3
J dx

d+ex

Optimal (type 4, 272 leaves, 1step):
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(a+bArcTanh[cx])?Log[-2-] (a+bArcTanh[cx])? Log[ —2cid=exl—]

l+cx (cd+e) (l+cx)

e e
3b(a+bAr‘cTanh[cx})2PolyLog{2,1— 2]

l+cx

2e
3b (a+bArcTanh[cx])?Polylog[2, 1 - —2¢ (X —]

(cd+e) (1+cx)

2e
3b% (a+bArcTanh[cx]) Polylog[3, 1- —*—]|

1+cx

2e
3b? (a+bArcTanh[cx]) Polylog[3, 1- M)_}

(cd+e) (1+cx)

2e
, 5 3 _ _2c(drex)
3 b3 PolyLog[4, 1- 1+CX} 3b%PolyLog[4, 1 e doex ]
4e 4e

Result (type 8, 20leaves):

(a+bArcTanh[c x] )3
J dx

d+ex

Problem 19: Unable to integrate problem.

(a+bArcTanh[cx] )3
J dx

(d+ex)2

Optimal (type 4, 517 leaves, 9 steps):

1-cx

(a+bArcTanh[cx])? 3bc (a+bArcTanh[cx])? Log[ 2]
N

e (d+ex) 2e (cd+e)

3bc (a+bArcTanh[cx])?Log[—=~] 3bc (a+bArcTanh[cx])?Log[ 2]
+

l+cx l+cx

2(cd7e)e c2d? - e?

3bc (a+bArcTanh[cx])? Log[ 214X —]  3p2¢ (a+bArcTanh[cx]) PolyLog[2, 1- —2—]
+

(cd+e) (1+cx) 1-cx

c2d? - e2 2e (cd+e) '

3b%c (a+bArcTanh[cx]) Polylog[2, 1- —2—] 3b%c (a+bArcTanh[cx]) PolylLog[2, 1- —2—]

l+cx l+cx

2(cdfe)e c2d?-e?

3b?c (a+bArcTanh[cx]) PolyLog[2, 1 - M] 3b3cPolylog(3, 1- —2—|

(cd+e) (1+cx) 1-cx

c2d?-e? 4e(cd+e)

3b3 cPolylog[3, 1- —2—| 3b3cPolylog3, 1- —2-] 3b*cPolylog[3, 1- —2cidex—]
- +

1+C X 1+C X (cd+e) (l+cx)

4(cd7e)e 2(c2d27e2) 2(c2d27e2)

Result (type 8, 20leaves):
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(a+bArcTanh[cx] )3
J dx

<d+ex)2

Problem 20: Attempted integration timed out after 120 seconds.

3

(a+bArcTanh[cx])
J dx

<d+ex)3

Optimal (type 4, 953 leaves, 21 steps):

3bc (aerAr‘cTanh[cx])2 (aerAr'cTanh[cx])3 3b2c? (a+bArcTanh[cx]) Log[ 2]
.

1-cx

2 (c2d*-e?) (d+ex) 2e<d+ex)2 2 (cd-e) (cd+e)2

3bc? (a+bArcTanh[cx])? Log| | 3b*c?e (a+bArcTanh[cx]) Log| 2]

2
1-cx l+cx

4e(cd+e)2 (cd—e)z(cd+e)2

3b2c2 (a+bArcTanh[cx]) Log[2~] 3bc? (a+bArcTanh[cx])?Log[ 2]

1+cx 1+cx

2(cd—e)2(cd+e) 4(cd—e)2e

3bc*d (a+bArcTanh[cx])’Log[—2—]| 3b’c’e (a+bArcTanh[cx]) Log| 2c (doex) ]

1+cx (cd+e) (1+cx)

(cd—e)z(cd+e)2 (cd—e)z(cd+e)2

3 2 2c (d+ex 3 2 2
3bc>d (a+bArcTanh[cx])? Log| e (1+CX>] 3b3 c2 Polylog[2, 1- 1—cx}

(cd—e)z(cd+e)2 4 (cd-e) (cd+e)2

3b?c? (a+bArcTanh[cx]) PolyLog[2, 1- —2—] 3b3*c?ePolylog|2, 1- 2]

1-cx 1+cx

+ —

4e(cd+e)2 2(cd—e)2(cd+e)2

l+cx

3b3c?Polylog[2, 1- ﬁ] 3b%c? (a+bArcTanh[cx]) Polylog[2, 1- —2—]
+

4(cd—e)2(cd+e) 4(cd—e)2e

3b%c3d (a+bArcTanh[cx]) Polylog[2, 1 - i} 3b’c?ePolylog[2, 1 - —2<dex ]

(cd+e) (l+cx)

(cd—e)z(cd+e)2 2(cd—e)2(cd+e)2

3b*c*d (a+bArcTanh[cx]) Polylog[2, 1- ﬁ)‘j;—iﬁx—)] 3b 2 Polylog[3, 1- 1—2cx}
- +

(cd-e)? (cd+e)? 8e (cd+e)?

3b3C2P°1y|—0g{3:1*ﬁ] 3b3c3dPolylog[3, 1- —2-| 3b*c*dPolylog[3, 1- —2cleex— deex] ]
+C X

1+cx (cd+e) (l+cx)

8(cd-e)’e 2 (cd-e)?(cd+e)? 2(cd-e)® (cd+e)?

Result (type 1, 1leaves):

???
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Problem 21: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcTanh[c x]
J dx

1+2cx
Optimal (type 4, 67 leaves, 4 steps):

(a—bAr‘cTanh[ﬂ) Log[—l*zzdcx] bPolylog[2, -1-2c x] b PolyLog|[2,

+

2c¢C 4c 4

Result (type 4, 240leaves):
1

2c

alog[l+2cx] +bArcTanh[c x]

: Log[1-c?x?] + Log|i Sinh[Ar‘cTanh{l] +ArcTanh[c x]]]] -
2 2
2

1
— +

2

—1ib

| +ArcTanh[c x]
2

1 . P
-—1i (m-21iArcTanh[cx])*+1i (Ar‘cTanh[
4

1
(m-21iArcTanh[cx]) Log[1+e?ArcTanhiex]] 4 24 (Ar‘cTanh [ =] + ArcTanh[c x]
2

Log {1 _ e—z (Ar‘cTanh[;—]+Ar‘cTanh[cx])] _ (7.(_ 2 i ArcTanh[c x] ) Log[;] _
Vi-c2x?
2i |ArcTanh| 1] +ArcTanh[cx] | Log[2 i Sinh[ArcTanh| l] +ArcTanh[cx] || -

2 2

i Polylog[2, -e?AcTanhicx]] _j polylog|2, e (ArcTanh| 2] -ArcTanhc x) | ] ] )

Problem 22: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JAr‘cTanh [Xx]
1- \/? X
Optimal (type 4, 88 leaves, 4 steps):

Ar‘cTanh{%] Log[1-+/2 x| PolyLog|2, —%] Polylog|2, :L\;X}

- - +

V2 22 22
Result (type 4, 272 leaves):
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5 1 ;2 . 1
7% -4 ArcTanh| ——]" -4 i wArcTanh[x] + 8 ArcTanh[ ——| ArcTanh[x] -

82 V2 V2
2 ArcTanh {i} -2 ArcTanh[x]

1
8 ArcTanh[x]2 + 8 ArcTanh| ——] Log[1-e 2 ] -
V2
2 ArcTanh [ L} -2 ArcTanh [x]
8 ArcTanh[x] Log[1-e g | +4imLog[1+e2ArcTannix]]

2 2
8 ArcTanh[x] Log[1 + e?Ar<TamX]] _ 44 5rLog| ————] - 8 ArcTanh[x] Log[ ——] -
V1-x? V1-x?

4 ArcTanh [x] Log [1 - xz} - 8ArcTanh[x] Log[—j Sinh [Ar‘cTanh [ i] - ArcTanh [x] ] ] -
V2

1
8 ArcTanh [ 7} Log[— 2 i Sinh [Ar‘cTanh [

1
Vz Vz

| -ArcTanh(x] || +

8 ArcTanh[x] Log[-2 i Sinh[ArcTanh]| | -ArcTanh(x] || +

1

\/_
2 ArcTanh [ L} -2 ArcTanh[x]

4Polylog|2, e V2 | +4PolyLog[2, -~ e2ArcTanhix] ]

Problem 26: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcTanh|c x?] 4
X

d+ex

Optimal (type 4, 325leaves, 19 steps):
b Log[m] Log[d + e x]

(a+bArcTanh[cx?]) Log[d+eX] < die
e ) 2e )
bLog[—M] Log[d + e X] bLog[m} Log[d + e x]
—c d-e N Wc dee .
2e 2e
bLog[—e Le x | Log[d+ex] bPolyLog|2, M}
\c d-e ~ \-c d-e
2e 2e
bPolyLog[Z, 3%";%:)—] bPolyLog[Z, %%L] bPolyLog[Z, @ﬁ%)_]
2e ) 2e 2e

Result (type 4, 285leaves):
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alog[d+ex] 1 e(i—%x)
— + —b 2Ar‘cTanh[c xz} Log[d + e X] —Log[i} Log[d+ex] -
e 2e Ve d+ie
e(i+\/?x) e(l+%x)
Log[—i] Log[d+ex]+Log[—7} Log[d+ex] +
Ved-ie Ve d-e
_ d
Log[d + e X] Log[m] +Polylog|2, M] -
\/?d+e \/?d—e
\E(dJrex) \/?(dJrex) \/?(dJrex)
Polylog[2, ————| - Polylog[2, ————] +Polylog[2, ———]
Vod-ie Vod+ie Ve d+re

Problem 30: Attempted integration timed out after 120 seconds.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) i

d+ex
Optimal (type 8, 23 leaves, 0steps):

» X|

nt (a+ b ArcTanh[c x2| )2

d+ex

Result (type 1, 1leaves):

???

Problem 34: Attempted integration timed out after 120 seconds.

Ja +b ArcTanh | c x| 4
X

d+ex

Optimal (type 4, 523 leaves, 25 steps):
M] Log[d+ex] blog] M] Log[d + e X]

(a+bArcTanh[cx?]) Log[d+eX] X b Log | O dre ) T g X
e 2e 2e

e (71)1/3“:1/3)( } L d b L [ e (,1)2//3+C1/3X ] L d
o +eX og| - ; - o +eX
gl ] 8l- iy 1. | o8l ]

- +

2e 2e

blLog|-

cl/34- (-1) 1/3 o

(-1)22e [1+(-1)2 V) (-1)e [14(-1)?2 2 x]

b Log| WS | Log[d+ex] bLog| Y PRI | Log[d +ex]
2e 2e
/3 (dre x /3 (die x cY/3 (d+ex)
b PolyLog[2, 4—)—&/3 - | bpolylog|2, —(—)_cl/"3 o ] bPolylog|2, a1 e ]
2e 2e 2e

bPolylog[2, —S~{d:eX | ppolylog[2, —<(d€X ]  ppolylog[2, —Coldex ]

di(-1)Ye Bd-(-1)2e Pdi(-1)2e

2e 2e 2e
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Result (type 1, 1leaves):

2?7

Problem 44: Result unnecessarily involves imaginary or complex numbers.

J\xz (a+bAr‘cTanh[c \/?”

d+ex

dx

Optimal (type 4, 460 leaves, 20 steps):
bdy/x b+x bx3?2 bdAr‘cTanh[c \5]
- + + + -
ce? 2c3e 6ce c2e?

bArcTanh[c+/x | dXx a+bAr'cTanh[cx/?” xz(a+bAr'cTanh[cx/?”

+ —

2cte e? 2e
2c (V-d Ve Vx)
2 g2 (a+bAr~cTanh[c &]) Log[hczﬁ] d? (a+bArcTanh[c \/Y]) Log[ (cv=d e ) (1revx) ]
e3 : e3 :
> ZC('\qi»\/?’\R)
d (a +bArcTanh|c \/Y]) Log| e (Mﬁ)} bd?PolyLog[2, 1 - 1+c2v7]
e3 ' e3 )
b d? Polylog[2, 1- — SEECREY | bd2Polylog[2, 1- — SEECREY ]
(cx/j—r) (1+CW) (C\/j-#\/?) (1+C\/?)
2¢e3 2¢3

Result (type 4, 558 leaves):
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1 2,2 2
—— |-6adex+3ae x“+6ad° Log[d+ex] +

6e3

%b 2ce (-3c2d+2e) Vx +ce?/x (-1+c*x) -6 (c?d-e) e (-1+c?x) ArcTanh[c/x | +
c

3e? (-1+¢? x)ZAr‘cTanh[c \/Y] ~6c*d? (Ar‘cTanh[c \/;]

(Ar‘cTanh [cVx | +2Log[1+ o2 ArcTanh [ /x| ] ) - PolyLog|2, _ g2 ArcTann [ /x| ] ) +

c%d cex

] ArcTanh [

+
cd+e «/,Czde]

3c*d? 2Ar‘cTanh[c \/?]2 —41’1Ar‘cSin[

c2

ArcTanh cx/? Lo
c2d+e]Jr [ ] g[c2d+e

e—ZArcTanh{cx/T} (_2 '—czde ‘e (_1+62Ar‘cTanh[cx/7}) +c2d (1+e2ArcTanh{cx/7}))} +

2 |-iArcSin|

c%d

ArcTanh c& Lo
c2d+e]Jr [ ] g[c2d+e

e—ZAr‘cTanh{cx/T} (2 kczde ‘e (71+e2Ar‘cTanh{cx/?}) +c2d (1+62ArcTanh{cW})]] B
(—Czd +e—2m) e’ZArCTa”h[CW}

2 |iArcSin|

Polylog|2, -
Y g[ c2d+e }
(—c2d+e+2\/—c2de ) g 2ArcTann [c+/x |
PolyLog|2, ]
c2d+e

Problem 45: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bAr‘cTanh[c \/;])

d+ex

dx

Optimal (type 4, 374 leaves, 15steps):
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by/x bArcTanh[c+/x | X (a+ b ArcTanh|c \/Y”

+ +
ce c’e e
2¢ (V@ e Vx|
2d (a +bArcTanh|[c ﬂ” Log[lﬂzw} d (a +bArcTanh|c W” Log| (VT Ve [trevx) ]
e? e? )
2¢ (\/j+ﬁ\/7)
d (a +bArcTanh|c \/?” Log| V] (e | by PolyLog|2, 1 - 1%2”}
- +
e? e?
bdPolyLog|2, 1- 2¢ (V4 Ve V] | bdPolyLog[2, 1- 2¢ [Ya e V] ]
(cﬁ—ﬁ) (1+C\/?) (cﬁm@) (1+CW)
2¢e? 2¢?

Result (type 4, 568 leaves):

1 1
—— |2aex-2adlog[d+ex] + —2b
2¢e? c?

ce\/?JrcszrcTanh[c &]2+APcTanh[c W}

c?dPolyLog|2, _ g2 ArcTann e /x| ] ) +

~e+c?ex+2c?dlog[l+e

~2ArcTanh|c /x| ] )

2

d

bd |-2 |ArcTanh|c \/7}2— i ArcSin| ¢ 2Ar‘cTanh[ﬂ] + Log]|
cd+e J-c2de ctd+e

e—ZAr‘cTanh{cx/T} [_2 ’—czde ‘e (_1+62ArcTanh{C\/?]) +c2d (1+62Ar‘cTanh{cx/7})]] _

Log[medAr‘cTanh{cﬁ} (2 |_c2de +e (_1+(62Ar'cTanh{c\/?] .
c2d [1+ eZA"Ta"h{CW]) ) } + ArcTanh [c &] Log[ ; @ 2ArcTanh /x|
c’d+e

(—2\/—C2de +e (—1+e2A"Ta“h[CW}) +c2d

e—ZAr‘cTanh{cW} [2 |_c2de +e (71+62Ar‘cTanh[cx/7}) +c2d (1+62Ar‘cTanh{C\/7}))}) .

1+eZAr'cTanh{cx/7}))} . Log[
c’d+e

[dre 2y cFae) ermretamlevs]
c’d+e
(—C2 d+e+ Zm) e’ZAPCTa”h{CW]

c2d+e

Polylog|2, | +PolyLog|2,

]
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Problem 46: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/Y]

d+ex

Optimal (type 4, 318 leaves, 11 steps):

2 (a +bArcTanh|c \/Y” Log[lﬂzﬁ} (a +bArcTanhc \/?}) Log | (Czj—iﬁﬁff?> ]
e ' e
2¢ [V d /e Vx| ]
(cﬂn/?) (1+CW)

(a+bAr‘cTanh[c \/;}) Log[ bPolyLog{Z, 1- —2 }

1l+c/ X

e e

2¢ (V-d e VX ] 2¢ (Vo Ve VX ]
[ e e ) [ e e )

2e 2e

bPolyLog[Z, 1- bPolyLog[Z, 1-

Result (type 4, 551 leaves):
alog[d+ex]

e
2
Loplas ArcSin| c’d | ArcTanh| ﬂ] +4ArcTanh[c/x | Log[1+ e 2ArcTanh [ /x| ]+
2e ctd+e V-c?de
i i ctd —2Ar‘cTanh{c W}
2 i ArcSin| Log| e

c?d+e c?d+e

1+GZAP6Ta"h[CW]))} - 2ArcTanh[c/x | Log[

(—le—czde +e (—1+e2ArCTanh{cW}) +c2d
1 e,zAr‘cTanh{c x] [72 ,7C2de ‘e (71+e2Ar‘cTanh[cx/7}) +c2d (1+e2Ar‘cTanh{C\/7]))} B

c2d+e

2i ArcSin| c*d e-2ArcTanh [c /x|

Lo
c’d+e ] g[c2d+e

(2 -c?de +e[-1+e

2Ar‘cTanh{c \/7}) +c2d

1+e2AFCTa”h[CW})]] ~2ArcTanh[c/x | Log|

2+ /-c?de +e (_1+62Ar‘cTanh{cx/7}) +c2d (1+62Ar‘cTanh[cW})]] B

[~c2die 2y c?de | e2Areram|c x|

c2d+e

1
e—ZAr‘cTanh{c \/7]
c?d+e

2Polylog[2, -e'zA"CTa”h[CWH +Polylog[2,

]+
(~c?dver2v cTde | e2Areremnle /]

c’d+e

PolylLog|2,

]
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Problem 47: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/7]

x (d+ex)

Optimal (type 4, 358 leaves, 15 steps):

st

2 (a+bAr‘cTanh[c \/;]) Log[l 2W]
+C\/ X

d d

¢ [V=d +/e Vx )
a+bArcTanh|[c+/x || Lo .
( i [ }) g{(cﬁﬂ/?) (1+CW) a Log[x]
+
p d
2¢ (V-d Ve Vx| ]

2,1-
b POlyLOg[Z, 1- ﬁ] bPOlYLog[ ] (Cﬁf\/?) (1+C\F)
2d

+

+

d

2¢ (Vd e VX ]
(e v/=a /e ) (1)

2d

b PolyL 2, 1-
oY og[ bPolyLog[Z, -cVX } bPolyLog[Z, c /X ]
- +

d d

Result (type 4, 563 leaves):
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2
L 4ibArcSin| c’d ]Ar‘cTanh[ﬂ] +
2d Cdre Jode
2
4bArcTanh|c \/7] Log[l—e’“"”a”h[cﬁ}] +21ibArcSin| cd
cid+e
Log[ 2 1 eszrcTanh{C\/T} (_2 |_c2de +e (_1+e2Ar‘cTanh{cx/7}) +c2d (1+EZAPCTanh{C\/7}))} B
c‘d+e

2bArcTanh|c \/7] Log|

c2d+e

e—ZAr‘cTanh[cW} (_2 [_c2de +e

_1+(82Ar'cTanh{C\/T}) +c2d (1+62ArcTanh[cW})]] _

c*d -2 Ar‘cTanh[c W}

1
Log[ ——e
c2d+e c2d+e

(szre
Log[;eszr‘cTanh{c\/?} (szre

c2d+e

2i bArcSin|

71+e“"“”a"h{cﬁ}) +c?d (1+e“"”a“h[‘ﬁ})]] - 2bArcTanh[c Vx|

71+e2Ar‘cTanh{cx/?}) +c2d (1+62ArcTanh[cW})]] +

2alog[x] -2alog[d+ex] -2bPolyLog|2, e’“'“”a”h{c\/?]] N
(—c2d+e—2m) -2 ArcTanh [c /x|
c2d+e
(—C2d+e+2m) e’ZAFCTanh[CW}

c’d+e

b PolylLog [2,

} +

b Polylog [2,

]

Problem 48: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/;]

x2 (d+ex)

Optimal (type 4, 413 leaves, 19 steps):
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bc b c2 ArcTanh|c \/?] a+bArcTanh|c \/?}

— + — —

dvx d d x
2¢ (Vd e /x|
2e (a +bArcTanh | c \/?” LOg{hczﬁ} e (a +bArcTanh|c W]) Log | Ve (o] ]
d? d?
2¢ ”+\E\/7)
e (a+ bArcTanh C\/? Log (
i [ }) [(C\/j+’\/?) (1+C\/7) aeLog[X]
o e
2c(\/77\/?\/7)
PolyL 2, 1-
bePolylLog[2, 1- ﬁ] bePolylLog|2, BERD (1+cﬁ)]
d? 2d?
2C(\/j+\/?\/7)
b ePolyL 2,1-
e PolyLog| [cv=d +ve ) (1+cvVx ) bePolylog[2, -c+/x | bePolyLog[2, c/x |
N _
2d? d? d?

Result (type 4, 567 leaves):
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1
- 2ad+2aexlog[x] -2aexLog[d+ex] +
2d?x

2b (cd\/?+Ar'cTanh[cx/Y}

-2 ArcTanh {c

d-c2dx+exArcTanh|c \/;] +2exLog[17e’2A"Ta”h[°WH) -

x}])+

e x Polylog|2, e

2
bex |-2 |ArcTanh[c /X |* - i ArcSin| | — d ] 2A,«cTanh[ﬂ}+
Log[%e—ZArcTanh{Cﬁ} [_2m+e (_1+62ArcTanh{c\/?]
ccd+e

c2d (1 . e2ArcTanh[c \/7} ) ] ] _ Log[;e—ZArcTanh[c \/7}
c?d+e

[2 | _c2de +e(_1+e2Ar‘cTanh cr)+c2d(1+62ArcTanh \/7}))}}_*_

ArcTanh[cV/x | 2 ArcTanh [c W})

-l+e +

1
Log[ (eszr‘cTanh[c\/_ ( 2de +e
c2d+e

c2d (1 N eZAr‘cTanh[c W} ) ] ] + Log[;efZAr‘cTanh[c W}
c2d+e

l+e +

[2 A/ -c’de +e (—1+e“"“"h[cﬂ}) +c2d

2 ArcTanh|c v/x | ) ) ] )

(—c2d+e—2m) g2 AncTanh[c /x|
c?d+e
(7C2d+e+2m) e’ZA"CTanh[CW}

c?d+e

Polylog [2, ] + Polylog [2,

]

Problem 49: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/Y]
> (d+ex)

Optimal (type 4, 506 leaves, 24 steps):
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bc b c3 bce bc*ArcTanh|c \/?}
_ _ N . _
6dx*'* 2d+/x d2/x 2d
bc2eArcTanh[cv/x | a+bArcTanh[c/x | e (a+bArcTanh[c W])
- + +
d? 2dx3? d? x
2¢ [VE e Vx|
2 b h
2 e? (a+bAr‘cTanh[c \/;]) Log[hczﬁ] € (a+ ArcTanh|c \/;}) Log | ([N T e (e ]
d3 B d3

5 2c (\/?+\/?\/7)

e (a + bAr‘cTanh[C \/7]) LOg[ (cx/jﬂ/?) (1%\/7) 362 Log [X]
d3 : FE )

2] be?PolyLog[2, 1- 2¢ [Vod /e Vx] ]
TicVx N (cﬁ—ﬁ) (1+C\/?)

d3 2d3

2¢ [V e VX ]
[cV=d+Ve ) (1ec Vx| be?Polylog[2, ~cV/x | be?PolyLog[2, c/x |
- +

b e? PolylLog [2, 1-

be?PolyLog[2, 1-

2d3 d3 d3

Result (type 4, 626 leaves):
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1 2 2,2
- 3ad“-6adex-6aex°Log[x] +
6 d3 x?

6ae?x’Log[d+ex] +b [cd/x (d+3c®dx-6ex) -3ArcTanh[c/x |

(d (-1+c?x) (d+c?dx-2eX) +2e?x?ArcTanh|c \/Y] +4e2x? Log[l—e‘“””a”h{cﬁ}}) +

6 e? x? PolyLog|2, @ 2ArcTanh[c Vx| ] -

2
3e?x? |-2 |ArcTanh|[c \/;]Z—J'I.AI"CSI'LI’][ cd ] 2Ar‘cTanh[ﬂ} +
cld+e J_c2de

Log[;e—ZAr‘cTanh[cW} (_2 [_c2de +e (_1+62ArcTanh{cW}) +

c2d+e

c2d B Log[ eszr*cTanh[c \/7}

(2 ’—czde ‘e (_1+62ArcTanh{C\/?]) +c2d (1+62ArcTanh{cx/7})]]] +

eszr*cTanh[C\/?] (72 _c2de +e (71+(eZArcTanh{C\/7})

l+e

2ArcTanh|c /x| ) ) ]

+

ArcTanh|[c v/x | (Log[

c2d+e

c2d

e

14 e2Ar‘cTanh{c \/7} ) ) } . Log[ 1 ,2Ar‘cTanh{C \/7}
c2d+e

(2 \J-c?de +e (—1 + @2ArcTanh [ /x|

cera 1y emermles]) )|

(—Czd +e—2m) e’ZArCTa"h{CW}
c2d+e
(—c2d+e+2m) e 2 ArcTanh [ /x|

c?d+e

PolyLog[Z, } + PolyLog[Z,

]
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Summary of Integration Test Results

49 integration problems

A - 31 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 12 unnecessarily complex antiderivatives

D - 3unable tointegrate problems

E - 3integration timeouts



